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1. Introduction 
If G is a group, then ZG is its integral group ring, GL(ZG) is the direct limit 
l& GL,(ZG), Ki(ZG) is the abelianization of GL(ZG) and Wh(G) is the quotient 
Ki(ZG)/z. These algebraic definitions are motivated by topology. If K is a finite 
CW-complex which deformation retracts to a subcomplex L, write K-+L. For such a 
pair (K, L), there is an associated element T(K, L) of Wh(sriL) which determines the 
simple homotopy type of K relative to L. 
M.M. Cohen has defined the dimension of an element 7. of Wh(rriL) to be: 
dim SO = inf{dim(K - L) ; K-L and T(K, L) = TV}. 
This dimension does not exceed 3 and is 1 if and only if r. is trivial. The deter- 
mination of dim r. is linked to the following problem in group theory. 
For any group G, any free group based on a finite set xl, . . . , x,,, and any subgroup 
R of G * F normally generated by elements rl, . . . , r, of the normal closure of F in 
G * F, the canonical map f : G -, (G * F)/ R is split injective. The problem is to 
decide when f is surjective. In other words, when is (G * F)/R a trivial extension 
of G? 
Associated to the data 8 = (G, xl, . . . , x,, rl, . . . , r,,) is a matrix A(B) in M,,(ZG). 
If A(P) is not invertible, then f is not surjective. (For details, see [2, 4.11.) When 
G = qL for a finite connected CW-complex L and 7. E Wh(G), Cohen has proved 
[2, Theorem l] that dim 70 = 3 if and only if the invertible matrices A(P) represent- 
ing ~0~ correspond to nontrivial extensions of G. In [9] Rothaus defined a subgroup 
Wh’(G) of Wh(G) called the “positive” elements and proved that all those A(B) 
representing nonpositive elements correspond to nontrivial extensions of G. So if ~0’ 
is nonpositive, dim r. = 3. 
The quotient Ro(G) = Wh(G)/Wh+(G) turns out to be an elementary abelian 
2-group of rank bounded by the Z rank of Wh(G). In this paper it is shown that 
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Ro(G) = 1 if the Sylow 2-subgroup of G is normal abelian, and lower bounds for its 
rank are obtained when G is dihedral. The latter is accomplished by finding 
nonpositive units in ZG which are distinct in Ro(G). 
2. Positivity in Wh(G) 
For the rest of this paper assume G is a finite group. If S is a commutative ring 
and p : G + GL,(S) is a matrix representation of G, let det p :Kl(ZG)+S* 
denote entrywise application of the linear extension of p to ZG, followed by 
the determinant. If 3 is a set of such representations of (possibly) varying degree, 
define 
&KI(ZG)+ l-I S* 
Pew 
to be det p in the p coordinate. 
Lemma 1. If PI : G + GL,(S) and p2 : G -* GL,(S) are matrix representations of G 
ouer a commutative ring S, t/ten on Ki(ZG), det(p1@p2) = (det pi)(det p2). 
Proof. If A E GL,(ZG), then the same permutation applied to the rows and the 
columns of (pi @pz)(A) yields the matrix: 
[ 
_pl_q 0 
0 
--I------. 
1~264) 1 
Denote the real number 
cl 
field by R and the field with 2 elements by F2. Let 
4 : R* + (F2, +) be the group homomorphism taking positives to 0 and negatives to 1. 
If W is a set of real matrix representations of G of finite degree, let 
denote 6% followed by 1/1 in every coordinate, and let 
be the map induced by g*. 
Suppose d is the set of all finite dimensional real matrix representations of G, and 
let 4 be a complete set of inequivalent irreducible finite dimensional real matrix 
representations of G. From Lemma 1 it follows that g” and g9 have the same kernel, 
which is Rothaus’ group of strictly positive elements (see [9, p. 6061). By [9, Lemma 
71, the kernel of h’ is his group Wh’(G) of positiue elements. 
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3. Induction for Ro(G) 
If R and Q are the fields of real and rational numbers, let r and ~7 denote the 
numbers of simple components in RG and QG respectively. From work of Bass [ 11 
and Wall [lo] we know that Ki(ZG) = zx SKi(ZG) x F where F is free abelian of 
rank r -4. The group SKi(ZG) is the kernel of 6’ where %’ contains a complete set of 
finite dimensional inequivalent irreducible complex representations of G. By 
Lemma 1, V may be replaced by the set of all finite dimensional complex represen- 
tations of G, and these include d. So the elements of SKi(ZG) are strictly positive. 
Since n Fz has exponent 2, the subgroup F* of squares in F consists of strictly 
positive elements. So h” factors through a surjective map: 
F/F* + Ro(G) = Wh(G)/Wh+(G), 
and Ro(G) is an elementary abelian 2-group of rank c r-q. 
Let Kr (ZG) denote z * ker g”, the elements of Ki(ZG) which are positive in 
Wh(G). If f: G + G’ is a group homomorphism, then K,(f):Ki(ZG)+Ki(ZG’) 
preserves trivial units and strict positivity; so it takes K;(ZG) into K; (ZG’). 
Therefore T.Y. Lam’s induction theorems yield information about Ro(G)= 
Ki(ZG)IK: (ZG). 
Theorem 2. Let A(G) denote the Arfin exponent of G (see [4]). Then : 
(a) A(G)* is an exponent of Ro(G). 
(b) If Ro(H) = 1 for all hyperelementury subgroups Hof G, then Ro(G) = 1. 
Proof. If ‘!E is a set of subgroups of G, let Ki(ZG)gz denote the subgroup of Ki(ZG) 
generated by elements Ki(i)( y) where i: Go-* G is inclusion, GEE !?r7 and y E 
Ki(ZG,,). Let Cs be the set of cyclic subgroups and $J the set of hyperelementary 
subgroups of G. The induction theorems [S, pp. 122-1231 state that A(G)* is an 
exponent of Ki(ZG)/Ki(ZG)s, and that Ki(ZG) =Ki(ZG)4. So (b) follows 
immediately, and (a) follows from the fact [9, Theorem 91 that Ro(Go) = 1 when Go is 
finite abelian. Cl 
Corollary 3. If the Sylow 2-subgroup of G is normal and abelian, then Ro(G) = 1. 
Proof. Under these hypotheses, each hyperelementary subgroup H of G is either 
abelian or its Sylow 2-subgroup is cyclic and normal. In the latter case A(H) is odd 
(see [4, Proposition 7.21); so in either case, the 2-group Ro(G) is trivial. 0 
4. Representations of dihedral groups 
From this point on, let m denote an integer greater than 2, and let D, be the 
dihedral group of order 2m with presentation (a, b : a”‘, b*, baba). Let A and B be 
14 B.A. Magurn 
the cyclic subgroups generated by a and 6 respectively. Then B acts by conjugation 
on ZA, and the ring ZAB of fixed points is the center of ZD,. 
Let cd denote the primitive d-th root of unity ezmild. If d divides m, replacing a by 
& defines a homomorphism ?rd from QD, onto the crossed product Q(ld) - B. If 
d > 2, B may be regarded as Galois (Q(&)/Q(ld +&l)), and Q(b) - B is simple with 
center Q(ld)B = Q(ld +&‘). If d = 1 or 2, Q(Jd) - B is the group algebra QB S 
QxQ. 
For d >2 the natural action of Q(ld) - B on Q(&) over Q(& +&l) defines, for 
each basis of Q(&)/Q(ld +&‘), an isomorphism: Q(ld) - B =h’fztQ([d +&l)). For 
some choice of basis let Pd : QD, +Mz(Q(ld +&‘)) denote the composite of this 
isomorphism with ?r,+ The one-dimensional representations of D,, obtained by 
taking d to be 1 or 2, are the ei defined by the table of values: 
Eo El Ez E3 
a 1 1 -1 -1 
b 1 -1 1 -1 
Of course EZ and ~3 are representations only if m is even. 
Every element u of Aut(Q(ld + &*)) is the restriction of an automorphism of 
Q(&) taking & to ti for a unique s in {1,2, . . . , d} coprime to d. Let Pd,r denote Pd 
followed by the application of (T to each entry. 
The maps Pd, together with the abelianization map: D, + D?‘, combine in an 
isomorphism.(see [8, Section 71): 
QDm = d,Fdr &(Q(& + ldl )) X QD","". 
. m 
Tensoring this with R over Q, we find that the list P: 
Eo 
El 
zc] (if m is even) 
Pd.s, (4 s) E x, 
whereX={(d,s);d>2,dlm, 1 s s cd, s coprime to d}, is a complete list of finite 
dimensional inequivalent irreducible real representations of D,. 
Note 4. Counting simple components of RD, and QD, shows that the Z rank of 
Wh(D,) is [&]-d(m), where [xl denotes the integer part of x, and d(x) is the 
number of divisions of x which exceed 1. 
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5. Units Representing Ro(D,) 
Let E :ZD*, +Z* restrict the augmentation map co. Since ZC (1 -b)ZA is a 
subring of the integral extension ZD, of Z, the set 
U=ZD:n(l+(l-b)ZA) 
=ZD*,n(Z+(l-b)ZA)nkere 
=(Z+(l-b)ZA)*nkere 
is a subgroup of ZD;. It is shown in [3] that stabilization: U + Wh(D,) is surjective. 
To prove this, it is shown that for d > 2 dividing m, det pd = TEA, where A: ZD, --, 
ZAB is the multiplicative map taking p(a)+&(a) to up-I-q(a)q(a)-’ for 
p(x) and q(x) in Z[x], and where rrd(u) = &. 
When u is the automorphism of Z[& + &‘I restricting the map: & + 5: for s in 
Z/dZ*, then det pd.s =(T det pd. Since A(l+(l-b)p(u))= l+p(u)+p(uL1) and 
(2 = [;mid, Table 1 computes 8” on generators of K1(ZD,). Note that (d, s)+ s6iij?i’ 
is a bijection from X to the set Y, which is Z/m Z with 6 and m/2 deleted. Identify Y 
with the coset representatives {n E Z ; 0 < In I< im}. 
Table 1 
-t a b l+Cl-b)p(a) 
Eo -1 1 1 1 
;:*i -1 -1 1 -1 1 1+2p(l)  
(4 -1 -1 -1 1+2p(-1) 
det 6’d.s 1 1 -1 1 +p([:‘d)+p(b;Sm’d) 
Let 4 denote 2 with the one-dimensional representations ci deleted. Suppose 
u = l+(l-b)p(u)~ U with g’“(u)=O. Since p(l)=p(-1) modulo 2, then in Z*, 
1 + 2p(l) = 1 + 2p( - 1). So gs(u) is either g9(l) or g”(u); that is, h’(u) = 0. Thus in 
Wh(D,), ker hSu = ker h9 = Wh’(D,). 
Tosummarize,themapg: U+n,Fatakingl+(l-b)p(u)to(l+p([L)+p(&,”)) 
in the n coordinate, factors as the surjectiue stabilization map U + Ro(D,) followed 
by the injective map Ro(D,)-, flyF2, induced by hdU. Therefore a subset V of U is 
Fz-independent in Ro(D,) if and only if g( V) is F2-independent in n,Fz. A maximal 
such subset is a basis for Ro(D,). 
For finding elements of U there is an alternate factorization of g. Let c,(x)= 
1+x+x*+* *.+x’_‘. Let Z[S] denote Z[x]/(c,(x)), where 5 is the coset of x. There 
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is a surjective Cartesian square: 
c 
I I 
mod(l-t) 
Z- ZlmZ 
where p(a) = 6 and E(U) = 1. Therefore (7, E) embeds ZA as a subring of Z[~]X Z. 
Since Z[f]xZ is integral over Z, ZA* = ZA n (Z[t]* x Z*). If Z[S]” is the ring of 
fixed points under 5 -, f-l, then ZA’ = ZA n (Z[t]” x Z). 
Since & is a root of c,(x) for every divisor d > 1 of m, there is a surjective ring 
homomorphism, Ad : Z[t]+ Z[&], taking 5 to rd. Then g is the composite 
where for n in Y the n coordinate of y replaces 5 with l”m. (For (d, s) in X, the (d, s) 
coordinate of y is hd followed by & + 5: and inclusion in Z[&].) 
By [3, Lemma 41 an element u of ZD, is a unit if and only if A(u) is a unit in ZAB; 
hence if and only if VA(U) E Z[r]* and &A(U) E Z*. A rich source of units in Z[r] is 
provided by the use of cyclotomic polynomials, G+,(x) = irred(&; Q). 
Lemma 5. If s and t are coprime positive integers, then c,(x) and c,(x) generate 
comaximal ideals in Z[x]. 
Proof. If e and f are positive integers with 1 = es -ft, then 1= c,(x’)c,(x)- 
xc,(x’)c,(x). 0 
As a consequence, when r is coprime to m (> 2), @JO is a unit in Z[C]. To obtain 
B-invariant units, consider the symmetry of a cyclotomic polynomial: 
Lemma 6. Let cp denote Euler’s totient function, and Qr = a0 + a 1x + * - - + u~(,~x~(“. If
r > 2, then ai = Uq(,)-i for i = 0, 1, . . . , $9(r). If in addition r is not a power of 2, then 
as(,)l2 is odd. 
Proof. This follows from basic cyclotomic polynomial identities (see [6, pp. 206- 
2071). 0 
To use this symmetry, for r > 2 define u,(x) to be X-~(~)‘*@,(X) in Z[x, x-r]. If r is 
coprime to m, then u,(a) E ZAB and u,(E) E Z[,$J*. If r is divisible by two distinct 
primes,u,(l)=l.Ifrisnotapowerof2,thenu,(a)=l+p(a)+p(a-‘)forsomep(x) 
in Z[x]. This proves the following. 
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Proposition 7. If r is dicisible by two distinctprimes and is coprime to m, then there is a 
unit l+(l-b)p(a) in Ufor which l+p(a)+p(a-‘)=u,(a). 
Example 8. If m is not divisible by 2 or 3, take r = 6. Then u6(a) = ae1(a2 - a + 1) = 
-l+a +a-’ =A(u),whereu=l+(l-b)(-l+a)=b+a-baEU.ForninY,then 
coordinate of g(u) is (/I(-1 + cl+&“), which is 0 exactly when -km G n Girn. 
When 2 or 3 divides m, the required choice of r in Proposition 7 is larger than 6, 
and p(a) has enough terms to make a systematic evaluation of cL( 1 +p([:) +p(&“)) 
difficult. But as long as 6 does not divide m, we may use r = 3 or 4 and construct units 
in U from quotients u,(~‘)/u,(~) in Z[e]* for s in Z/mZ*. 
Proposition 9. Ifs and 2 are coprime to m, there is a unit 1 + (1 - b)p(a) in Ufor which 
l+P(s‘)+P(5-‘)=(5“+5-‘)/(5+5-‘). 
If s and 3 are coprime to m, there is a unit 1 + (1 - b)p(a ) in U for which 
1+p(~)+p(~-1)=(1+~s+5‘-s)/(1+~+5‘-1). 
Note 10. When m is an odd prime, the first type of unit is the one used by Rothaus to 
prove Ro(D,) f 1. (See [9, Theorem 111.) 
Proof of Proposition 9. Suppose s and 2 are coprime to m. By the proof of Lemma 5, 
if 1 = m -4f for a positive integer f, then cd(c) = (t2 + e)uq([) has inverse - &f(e4); 
so [+5-l= ~~(5) has inverse - (t3 + [2)cf([4). 
Since e+ 5’ defines an automorphism of Z[t], 5’ + e-’ is also a unit. Then 
u=(a’+a-“)(-(a3+a2)ct(a4))+c,(a) is an element of ZA with n(v)= 
(5’+[-“)/(t+[-‘) in Z[.$j’* and E(U)= -4f+m = 1. Hence L’ EZA~‘. Since m is 
odd, u is B-invariant, and E(C) = 1, it follows that u = 1 +p(a) +p(a-‘) for some p(x) 
in Z[x]. Then l+(l-b)p(a)E U. 
Similarly, if 1=4e-m for a positive integer e, then V= 
(a’+a-‘)(a2+a)c,(a4)-c,(a) is l+p(a)+p(a-‘) for some p(x) in Z[x], and 
1 + (1 - b)p(a) has the desired properties. 
Now suppose s and 3 are coprime to m. If 1 = m - 3f for some positive integer f, 
then, as above, 1+ t+t-’ = ~~(5) has inverse -[‘c~([~). The element v = 
(l+a‘+a-‘)(-a2cr(a3))+c,(a) of ZA has ~(~)=(l+~~+~-~)/(l+~+~-*) in 
Z[t]*, and E(U) = -3f fm = 1. So u E ZAn*. If m is odd, then, as before, u is 
1 +p(a)+p(a-‘) for some p(x) in Z[x]. Suppose m is even. Then 
-a2cf(a3)=-(a2+a’+. - *+ame2) 
=-(a2+a-2)-(a5+a-5)_. . ._a”‘2. 
So the amI coefficient in u is that in 
(as+a-‘)(-(a2+a-2)-(as+a-5)-~. .-a”‘2), 
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which iseven. Since u isB-invariant and E(U) = 1, it follows that u is 1 +p(a)+p(a-I) 
forsomep(x)inZ[x].Then l+(l-b)p(a)~U. 
Finally, if 1=3e-m for a positive integer e, then L’= 
(l+a’+a-“)(uc,(u3))-c,(u) is l+p(u)+p(u-‘) for some p(x) in Z[x], and l+ 
(1 - b)p(u) has the desired properties. 0 
Note 11. Suppose n E Y. When m is odd, then (L(& + &,“) is 0 exactly when 
-am -C n C tm. When m is not divisible by 3, then $( 1 + li + &“) is 0 exactly when 
-fm Cn <$m. 
6. Lower bounds for Ro(D,) 
If s E Z/mZ*, then a + a‘ defines an automorphism u of ZD, restricting to an 
automorphism of U. If m is coprime to 6, as in Example 8, there exists u in U with 
A(u)=-l+u+u-’ . Let uI denote U(U); then A(u,) = -1 + a’ + a-‘. Denote by L the 
matrix with rows g(u,) for s in Z/mZ*. 
If m is odd, denote by M the matrix with rows $y([’ + e-‘) for s in Z/m Z*. If m is 
not a multiple of 3, denote by N the matrix with rows IJly(l +f” +t-‘). 
The matrices L, M and N each have cp(m) rows indexed by s in Z/mZ*, and 
2&m - l)] columns indexed by n in Y. Their s, n-entries are $C - 1 + 5: + &‘“), 
IJ([Z + 5;‘“) and $( 1 + [‘m” + 5;‘“) respectively. By definition the rows of L are in 
g(U). If E is obtained from the v(m) X C-,T (m) identity matrix by adding the first row to 
every row, then EM and EN have rows in g(U) by Proposition 9. 
The row ranks of EM and EN differ by at most 1 from those of their counterparts 
M and N. The number of distinct rows is unchanged by multiplication by E. 
Proposition 12. In L, M and N, rows s and t are equal (for s and t in Z/m Z*) if and 
only if t = fs. So each of the matrices L, EMund EN has exactly &c(m) distinct rows. 
Proof. Ift=*sinZ/mZ*,then-1+u’+u~‘=-1+u’+u~’.Similarly,~‘+~~‘= 
[‘+,$-’ and l+,$‘+[-‘= 1 +$ +[-‘. SO rows s and t are equal in each of the 
matrices L, M and N. 
Assume m is not a multiple of 3. Let N’ be the p(m)x cp(m) submatrix of N 
consisting of the columns indexed by Z/mZ *. We may obtain N’ by applying 
p(x) = $(l + 5: + [;;1”) to a multiplication table of Z/m Z*. Recall that p(x) = 0 if and 
only if x is represented by an integer n with - irn <n C fm. 
If rows s and t of N’ are equal, then rows 1, s -‘t and --s-It are equal. Let r be the 
element of {s-‘t, -s-‘t} represented by an integer n with 0 < n < $m. It will suffice to 
prove n = 1. 
Now @(xr)=p(x) for all x in Z/mZ *. In particular p(r) =p(i) =O; so O<n < 
m/3. Suppose 2<$m, so that /3(%) =@(?)=O. Then 0<2n <$m and 2n is 
congruent modulo m to an integer z with - fm c z < Sm. This means 0 < 2n <fm, 
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and O<n <(&I). Suppose further that 3 <$I, so that P(%) =p(j)= 0. Then 
0 C 3n < ($)($m) means, as before, that 0 < 3n < $m and 0 < II < ($($n). Continuing, 
we can force O<n < (l/[$m])(fm); so n = 1. This proves the theorem for N. The 
proofs for L and A4 are similar. Cl 
Corollary 13. Zf m & 62, then Ro(D,) has order at least fq~(m). 
To estimate the size of Ro(D,) in general, note the contributions from Ro(Dd) 
when d divides m: 
Proposition 14. Zf d and e are coprime positive integers, the inclusions Dd + Dde 
(a -+a’) and D, +‘DDdc (a + ad) induce an injective homomorphism : Ro(Dd) 0 
Ro(D,) --, Ro(Dde). 
Proof. The map Dd + Ddc (a + a’) is split by Ddr + Dd (a + a’) where c represents 
e-* in Z/dZ*. So Ro(Dd)+ Ro(Dd,) is split injective, as is Ro(D,)+ Ro(Dde). If 
u = 1 + (1 -b)p(a) E ZDT, then the composite ZD, + ZDd, + ZDd takes u to 1 + 
(1 - b)p(l) in ZDf n ZB = ZB* = {*l, *6}. So the composite Ro(D,) + Ro(Ddc) --, 
Ro(Dd) is zero, as is Ro(Dd) + Ro(Ddc) + Ro(D,). •l 
Corollary 15. For any m > 2, Ro(D,) has order at least iv(m). 
Proof. Use the 2-part of m for d and the odd part for e. Cl 
7. A positive nonsquare 
From the above estimates, it follows that Ro(D,) f 1 unless m divides 12. If m is 
3,4 or 6, the group D, is split over Q; so even Wh(D,) = 1. However Wh(Dll) = Z. 
Theorem 16. The group Wh(Dlz) contains a positive nonsquare; so Ro(D,z) = 1. 
Proof. Let u = l+(l-6)(1+2a-+a*-a4-2a5-a6) in ZD12. The isomorphism 
QA = ndl12 Q(&), which is rd : a + & in the d coordinate, restricts to an embedding 
of ZAB into n dl12 Z[& +&l], which is an integral extension of Z. Since lidA = 1 
for d = 1, 2, 3, 4 and 6, and 7r&(u)=7+4fi (a unit in Z[fi]=Z[C12+&i]), it 
follows that u E U. Since 7+4& and 7-4& are positive, u represents a positive 
element of Wh(D12). 
Suppose there exists v in U for which u and v* represent the same element of 
Wh(D12). Let A denote a cyclic group of order 6 generated by d. Let ZxB be the ring 
of fixed points in ZA under the involution: d--,6-‘. The map ZAB + ZAB induced 
by a+d takes d(v) into tiB*= ZA*nZXB ={*l, *tn’}. So d(v)= 
y +(a6- l)p(a) for some y in {*l, *a’} and p(x) in Z[x]. Since vJ(t.) is a unit in 
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Z[i+i-‘]=Z, we get *1 =rqd(u)=rr4(y)-2p(i); so y =*l. Since J takes trivial 
units to *l, (TIzA(u))* = f?r12A(u) = *(7 +4&). Since r12A(u) is real, *(2+J5) = 
srizA(u)=*l-2p([it). Then P([&EZ[&] and 1 +J?E~Z[&], which is 
absurd. 0 
8. Cyclic Matrices and Ro(D,*) 
As in the proof of Proposition 12, the matrices L, M and N contain submatrices L’, 
M’ and N’ obtained from a multiplication table of Z/mZ* by application of the 
functions IJ(-1 + 5: + [LX), +([i + 4’::) and $( 1 + 32 + l;;l”) respectively. Suppose 
m is a prime power p’ (r >O). If p is odd, Z/p’Z* is cyclic, generated by some 
element k; but Z/2’Z* requires two generators, -1 and k = 5 (see [7, p. 813). 
Suppose the row and column headings of L’, M’ and N’ are in the order: 1, k, 
k’, . . . , k’cp’m”2)-‘, -1, -k, -k*, . . . , -k(rp’m”2’-‘a (For odd p, we have k(e’m)‘2)-’ = 
-1.) Since the functions Z/mZ* -+ F2 defined above are insensitive to multiplication 
by -1, the matrices L’, M’ and N’ then have the form: 
C’C c 1 ___‘___ c:c 
where C is a fq(p’) x&(p’) cyclic matrix. Specifically, the first row of C is 
determined by the powers of k from 0 to (&(p’))- 1 and each row thereafter is 
obtained from its predecessor by a cyclic permutation by one slot to the left. The rank 
of C is a lower bound from the rank of Ro(D,r). 
I am grateful to Roger Alperin for suggesting the following technique to compute 
the rank of a cyclic n x n matrix C over a field F. Let f(x) = C:= 1 WI’-’ E F[x], where 
Cl, c2. * * * 9 c, is the first row of C. Multiplication by f(x) defines an F-linear 
endomorphism of F[x]/(x” - 1). This endomorphism is represented over the basis 
1,x,x* )..., xn-’ by the matrix C. Its rank is the dimension of its codomain, F[x]/ 
(x” - l), minus the dimension of its cokernel, F[x]/d(x), where d(x) is a greatest 
common divisor of f(x) and x” - 1 in F[x]. So the rank of C is n minus the degree of 
d(x). 
By the techniques described above, one can show, for example, that the F2 rank of 
Ro(D,) achieves its upper bound, the Z rank of Wh(D,), for every prime p from 3 
through 37. That is, for these primes, every positive element in Wh(D,) is a square. 
Perhaps this is true for every prime p. However, each of the matrices L’, M’ and N’ is 
required for these results; the ranks of L’, EM’ and EN’ often differ, and bear no 
relationship to each other that is at present discernable to the author. 
Note 17. Although computations are easiest with L, M and N, any unit u in U 
generates an orbit t? under the action of Z/mZ* on A, and the matrix g(c) contains a 
submatrix obtained from the multiplication table of Z/mZ* by a function, 
p :Z/mZ*+F2, insensitive to multiplication by -1. Specifically, if r4 = 
1 +(l -b)p(a) for some p(x) in Z[x], then p(x)= $(l +p(tk)+p(&‘)). If m is a 
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prime power and k is as above, then the F2 rank of g(O) is iv(m) minus the degree of 
d(x), where d(x) is a greatest common divisor of f(x) and x~“““* - 1 in FJx], where 
o(m)/* 
f(x) = x /?(k'-')x'-'. 
r=l 
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